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Abstract. We study the power spectrum dipole of an N-body simulation which includes
relativistic effects through ray-tracing and covers the low redshift Universe up to zmax =
0.465 (RayGalGroup simulation). We model relativistic corrections as well as wide-angle,
evolution, window and lightcone effects. Our model includes all relativistic corrections up
to third-order including third-order bias expansion. We consider all terms which depend
linearly on H/k (weak field approximation). We also study the impact of 1-loop corrections
to the matter power spectrum for the gravitational redshift and transverse Doppler effect.
We found wide-angle and window function effects to significantly contribute to the dipole
signal. When accounting for all contributions, our dipole model can accurately capture the
gravitational redshift and Doppler terms up to the smallest scales included in our comparison
(k = 0.48hMpc−1), while our model for the transverse Doppler term is less accurate. We find
the Doppler term to be the dominant signal for this low redshift sample. We use Fisher matrix
forecasts to study the potential for the future Dark Energy Spectroscopic Instrument (DESI)
to detect relativistic contributions to the power spectrum dipole. A conservative estimate
suggests that the DESI-BGS sample should be able to have a detection of at least 4.4σ,
while more optimistic estimates find detections of up to 10σ. Detecting these effects in the
galaxy distribution allows new tests of gravity on the largest scales, providing an interesting
additional science case for galaxy survey experiments.
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1 Introduction
Galaxy redshift surveys have now matured into one of the most powerful tools to test cos-
mological models. The Baryon Oscillation Spectroscopic Survey (BOSS [2]) used ∼ 1 000 000
Luminous Red Galaxies (LRG) to measure the Baryon Acoustic Oscillation (BAO) scale with
%-level precision [3] at z ∼ 0.5 and the extended Baryon Oscillation Spectroscopic Survey
(eBOSS [4]) has extended such studies to z > 1 [5] using Emission Line Galaxies (ELGs)
and Quasars. Future galaxy surveys like DESI [6] and Euclid [7] will increase the number
of galaxies by more than an order of magnitude, sampling a significant portion of the low
redshift Universe. This significant increase in statistical power requires careful modeling of
effects that influence the observed galaxy positions (angles and redshifts). Here we will study
relativistic corrections to Newtonian halo clustering and quantify the impact of these correc-
tions on the halo power spectrum dipole. The final step of our analysis uses the model for the
power spectrum dipole to perform Fisher forecasts for the DESI-BGS sample and quantifies
the possibility for a first detection of relativistic effects in halo/galaxy clustering.
The most prominent correction to the distance redshift relation is sourced by the local
velocity field, which impacts the measured redshift through a Doppler effect also known as
redshift-space distortions (RSD [8]). Measurements of redshift-space distortions are a sensitive
probe of the local matter density including effects of the neutrino mass [3, 9–13].
Besides such Newtonian corrections, we also have to consider relativistic effects experi-
enced by photons before they reach the telescopes, such as lensing and gravitational redshift.
The relativistic effects at first order in perturbation theory have been derived in [14–17].
Some of these effects are integrated over the distance of the source to the observer, such as
the lensing and ISW effects, while others are related to the gravitational potential or velocity
of the source and observer. Most of these corrections are suppressed, compared to the New-
tonian terms, by factors of H/k, where H ≡ aH is the conformal Hubble parameter. This
limits the impact of these corrections to the largest scales in the power spectrum (small k).
Moreover, the first non-vanishing corrections to the auto-power spectrum are suppressed by
(H/k)2 making the Newtonian approximation highly accurate for most scales. However, it
has been pointed out in [18] that the cross-power spectrum between tracers with different
mass-halo relations (galaxy bias) contains non-vanishing corrections proportional to H/k in
the imaginary power spectrum. This imaginary part of the power spectrum shows up as
odd power spectrum multipoles, like the dipole or octopole, when using the common Leg-
endre multipole expansion. Hence such odd multipoles provide a promising observable for
relativistic effects in halo and galaxy clustering.
Here we will use N-body simulations including ray tracing (RayGalGroup simulation [1])
to test perturbation theory (PT) based models of the large scale power spectrum. Similar
comparisons have been performed in configuration space [1, 19]. Given that most relativistic
effects are located on very large scales, Fourier-space is the natural choice for such measure-
ments, since large-scale linear modes are independent in the Fourier-basis. Our model includes
all relativistic corrections up to third-order including third-order bias expansion. We consider
all terms which depend linearly on H/k (weak field approximation). While we restrict all
terms proportional to v‖ (Doppler term) to linear theory, we include 1-loop corrections to the
matter power spectrum for the potential term (gravitational redshift) and transverse Doppler
effect [19, 20].
This paper is organized as follows. In section 2 we introduce the estimator for the
cross-power spectrum multipoles. In section 3 we discuss details about the PT-based power
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spectrum model we employ in this paper. In section 4 we review details about the RayGal-
Group simulation which we will use to test our perturbative model in section 5. We discuss
our findings in section 6. In section 7 we employ our power spectrum dipole model to perform
Fisher matrix forecasts for the DESI experiment and we conclude in section 8.
Whenever transforming redshifts and angles into comoving coordinates we use the cos-
mological parameters of the RayGalGroup simulation, which is a ΛCDMmodel with h = 0.72,
Ωm = 0.25733, Ωb = 0.043557099, Ωr = 0.000080763524, ns = 0.963, σ8 = 0.80100775 and
w = −1. We use the same cosmology when generating our perturbative model, while all
Fisher forecasts in section 7 use the Planck 2018 cosmology [21].
2 Cross-power spectrum estimator
The main analysis of this paper is based on the cross-power spectrum between different mass
bins of the RayGalGroup simulation. Here we will outline the cross-power spectrum estimator
used for this analysis, which uses the Legendre basis following [22, 23].
Any halo (or galaxy) sample is defined by a catalog of halo positions as well as a random
catalog which characterises the survey window. We bin all halo positions and randoms into
3D grids, which allows us to define the overdensity field
F (r) =
Ndata∑
i
wi(r)−
Nran∑
i
wi(r), (2.1)
where w(r) can be any (signal-to-noise) weighting and the grid assignment itself implies a
pixel window function. The impact of the pixel window function can be mitigated by using
non-trivial mass assignment schemes [24] as well as interlacing [25]. We can now estimate the
power spectrum multipoles using the Legendre basis as
PXY` (k) =
2`+ 1
I
∫
dΩkˆ
4pi
[
AX0 (k)
(
AY` (k)
)∗]
, (2.2)
where the superscript X and Y refer to the different tracers of the density field, the index `
specifies the order of the Legendre multipole and
A`(k) =
∫
dr(kˆ · rˆ)`F (r)e−ik·r. (2.3)
The normalisation of the power spectrum is given by
I =
∫
drnX(r)nY (r) , (2.4)
= αX
NXran∑
i
nY (ri)w
Y
i (r) ,
= αY
NYran∑
i
nX(ri)w
X
i (r)
with αX = NXdata/N
Y
ran, αY = NYdata/N
X
ran and nX(ri) and nY (ri) representing the density
of tracer X and Y at position ri, respectively. For the analysis in this paper we do not
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include any weight, wi, since the density of the simulation used here is constant, which means
that a standard signal-to-noise weighting like FKP [26] has no effect (ignoring the minor
redshift dependence shown in figure 2). We also ignore any weighting which would account
for redshift evolution of the relativistic signatures (see [27] for a possible approach to include
such weights).
3 Theory
Here we will discuss the model for the halo cross-power spectrum dipole which we will compare
to the RayGalGroup simulation in the next section. Our final model includes all relativistic
corrections up to third-order including third-order bias expansion. We will consider all terms
which depend linearly on H/k and neglect higher-order terms (weak field approximation).
While we restrict all terms proportional to v‖ (Doppler term) to linear theory, we include 1-
loop corrections to the matter power spectrum for the potential term and transverse Doppler
effect. The details about this model can be found in [19, 20].
3.1 Linear order
With a galaxy redshift survey, we directly measure the number of galaxies as a function
of redshift and position on the sky N(z, nˆ), which allows us to define the galaxy number
overdensity as
∆(z, nˆ) =
N(z, nˆ)− N¯(z)
N¯(z)
, (3.1)
where N¯(z) is the mean number of galaxies at redshift z, averaged over all directions nˆ.
We can define the galaxy density ρ(z, nˆ) = N(z, nˆ)/V (z, nˆ), where V (z, nˆ) is the volume
at redshift z and direction nˆ, which uses the same redshift and angle pixelisation (dz, dΩ) as
N(z, nˆ). Now we can define the galaxy overdensity
δ(z, nˆ) =
ρ(z, nˆ)− ρ¯(z¯)
ρ¯(z¯)
, (3.2)
where z¯ denotes the background redshift, i.e. 1 + z¯ = 1/a(t). Using Newtonian dynamics,
ref. [8] derived
∆(z, nˆ) = δ(z, nˆ) +
1
H∂rv‖ +
(
2 +
d lnφ
d ln r
)
v‖
= δ(z, nˆ) +
1
H∂rv‖ +
(
2
Hr − be
)
v‖ , (3.3)
where v‖ = v · nˆ 1, r is the comoving distance to the galaxy and φ is the selection function,
introduced in ref. [8] as ρDM = n/φ. The evolution bias be is defined in eq. (3.5).
In addition to the terms in eq. (3.3), relativistic corrections start to matter when ap-
proaching horizon scales. In the last decade several works have studied the impact of rel-
ativistic effects on halo clustering [14–17, 28, 29]. The halo number counts to first order
1Note that we define nˆ to point from the source to the observer. If nˆ would point from the observer to the
source we would have a sign difference in all velocity terms.
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are
∆(z,n) = b1δ︸︷︷︸
(1)
+
1
H∂rv‖︸ ︷︷ ︸
(2) RSD
+ (5sm − 2)
∫ r
0
r − r′
2rr′
∆Ω(Φ + Ψ)dr
′︸ ︷︷ ︸
(3) Lensing
− 1H v˙‖︸︷︷︸
(4)
+
(
H˙
H2 − 1 + 5sm
(
1− 1
rH
)
+
2
rH − be
)
v‖︸ ︷︷ ︸
(5) Doppler term
+
1
H∂rΨ︸ ︷︷ ︸
(6)
+O(H2/k2) ,
(3.4)
where ∆Ω is the angular Laplacian and Ψ and Φ are the Bardeen potentials. The evolution
bias and magnification bias are given by
be(a,>L¯) =
∂ ln
[
n(a,>L¯)
]
∂ ln a
= −(1 + z)∂ lnn(z,>L¯)
∂z
, (3.5)
sm(a,>L¯) = −
2∂ ln
[
n(a,>L¯)
]
5∂ lnL
∣∣∣∣∣
L¯
, (3.6)
where >L¯ denotes the threshold luminosity of a given survey and n(a) represents the comoving
density 2. The evolution bias describes the fact that a wrong estimate of the redshift (due
to peculiar velocities) leads to a wrong estimate of the number count at that redshift. Dark
matter has an evolution bias of be = 0, since the co-moving number density of dark matter
is constant. Any halo or galaxy sample used as tracer of the matter density field can have
evolution in the halo number density leading to a non-zero be. We see such effects in the high
mass bin of the RayGalGroup simulation (see figure 2) which we will discuss in section 5.
Eq. (3.4) contains all terms contributing to the galaxy number count at linear order
within the weak field approximation where
(1) is the true galaxy density fluctuation.
(2) is the Kaiser RSD term.
(3) is the lensing term, consisting of two contributions. The first term (proportional to
the magnification bias sm) accounts for the fact that some galaxies are only part of
the sample because their luminosity has been magnified/demagnified by gravitational
lenses along the line-of-sight [30, 31]. The second term (not proportional to sm) is a
geometrical effect accounting for the change in the observed solid angle dΩ.
(4) describes the time evolution of the velocity field, meaning that assuming the wrong
distance also leads to an assumption of the wrong velocity since the velocity field is
evolving with time.
(5) describes the Doppler term including Newtonian and relativistic contributions (dis-
cussed in detail in [1, 32–37]).
2Note that when using a physical (rather than a comoving) density, the evolution bias of dark matter is
be = 3.
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(5a) describes the time evolution of the Hubble parameter, meaning that assuming the wrong
distance also leads to an assumption of the wrong background expansion since the
Hubble parameter is evolving with time.
(5b) describes the “lightcone effect” [36, 38] meaning the peculiar velocity changes the effec-
tive size of the redshift bin.
(5c) originates from relativistic fluctuations in the convergence.
(5d + 5e) are the Newtonian Doppler contributions already present in eq. (3.3).
(6) describes the change in the effective redshift bin due to gravitational redshift.
We have not included terms which are directly proportional to the Bardeen potentials Φ and
Ψ, since such terms are suppressed by (H/k)2 and only matter on very large scales. We
note however that the 1/k2 scaling of these terms is very similar to the scale-dependent bias
introduced by local primordial non-Gaussianity [39]. However, the different redshift evolution
can help to disentangle this degeneracy in the matter power spectrum [14].
The first two red-colored terms in eq. (3.4) describe the additional velocity of galaxies
sourced by the acceleration (gravitational redshift v˙‖ + Hv‖). At linear order, these terms
happen to be identical to the gradient of the gravitational potential (∂rΨ) which is the source
of the acceleration. This is a consequence of the equivalence principle [40], which leads to the
Euler equation
∂rΨ− v˙‖ −Hv‖ = 0. (3.7)
Therefore on linear scales galaxy clustering measurements are not sensitive to gravitational
redshift. Here we include these terms since the cancellation is only present when the relativis-
tic Doppler, as well as potential terms, are included. The RayGalGroup simulation includes
different relativistic effects in turn, using different redshift definitions (z0 to z5; see eqs. 4.1 -
4.6). Later we will use these different redshift definitions to study each contribution in turn.
For that reason the model for e.g. the potential term in z1 should include the gravitational
redshift at linear order, since the cancellation with v˙‖+Hv‖ only happens after the velocities
in z2 are included.
3.2 Beyond linear theory
The relativistic galaxy number counts beyond linear theory have been derived in [41–43]
(to second order) and in [19] (to third order). In an accompanying paper, we show how to
directly derive the relativistic number counts to any order in perturbation theory [20]. Here
we summarize the relevant results to second and third-order, which we use in the next section
to compute the dipole at 1-loop.
At any order i in perturbation theory we can split the galaxy number counts within the
weak field approximation into the standard Newtonian contribution ∆(i)N and the relativistic
contribution ∆(i)R where ∆
(i)
R ∼ (H/k) ∆(i)N . Therefore the Newtonian and relativistic galaxy
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number counts in the weak field approximation at second order are
∆
(2)
N (z,n) = δ
(2)
g +H−1∂rv(2)‖ +H−1∂r
(
v‖δg
)
+H−2∂r
(
v‖∂rv‖
)
, (3.8)
∆
(2)
R (z,n) =
(
−1 + H˙H2 +
2
Hr − be
)(
v
(2)
‖ + v‖δ
)
−H−1v˙(2)‖ − 2H−2∂rv‖v˙‖
+
(
−2 + 3 H˙H2 +
4
Hr − 2be
)
H−1v‖∂rv‖ − 2H−2v‖∂rv˙‖
−H−1v˙‖δ −H−1v‖δ˙ +H−1va∂av‖ +H−2Ψ∂2rv‖ +H−1Ψ∂rδ
+H−1∂rΨ(2) + 2H−2∂rv‖∂rΨ +H−1δ∂rΨ +H−2v‖∂2rΨ
(3.9)
and at third order
∆
(3)
N (n, z) = δ
(3)
g +
∂rv
(3)
‖
H +
[H−1∂r (v‖δg)](3) + [H−2∂r (v‖∂rv‖)](3)
+
1
6
H−3∂3rv3‖ +
1
2
H−2∂2r
(
δgv
2
‖
)
,
(3.10)
∆
(3)
R (n, z) =
(
−1 + H˙H2 +
2
Hr − be
)(
v
(3)
‖ +
[
v‖δ
](3))−H−1v˙(3)‖
− 2H−2 [∂rv‖v˙‖](3) +
(
−2 + 3 H˙H2 +
4
Hr − 2be
)[H−1v‖∂rv‖](3)
− 2H−2 [v‖∂rv˙‖](3) −H−1 [v˙‖δ](3) −H−1 [v‖δ˙](3) +H−1 [va∂av‖](3)
+H−2 [Ψ∂2rv‖](3) +H−1 [Ψ∂rδ](3) +H−1∂rΨ(3) + 2H−2 [∂rv‖∂rΨ](3)
+H−1 [δ∂rΨ](3) +H−2
[
v‖∂2rΨ
](3)
+
1
2H3∂
3
r
(
v2‖Ψ
)
− 1
2H3∂t∂
2
rv
3
‖
+
1
H2∂
2
r
(
Ψv‖δ
)− 1
2H2∂
2
r
(
v‖v2
)− 1H2∂t∂r (δv2‖)− 12H∂r (δv2)
+
1
H2∂r
(
∂rv‖v2‖
)(
3
H˙
H2 +
3
Hr −
3
2
be
)
+
1
H∂r
(
δv2‖
)(
−1
2
+
3
2
H˙
H2 +
2
Hr − be
)
.
(3.11)
Note that here we did not make use of the Euler equation (see eq. 3.7) which accounts for
the difference between the equation above and ref. [19]. For the sake of simplicity we have
set the magnification bias to zero (sm = 0). We stress that this is in agreement with the
RayGalGroup simulation where magnification bias is not included.
We also want to include second and third-order terms in the bias expansion. Follow-
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ing [44] (and references therein) we have
δ(2)g = b1δ
(2) +
1
2
b2
(
δ2−〈δ2〉)+ bK2 ((Kij)2−〈(Kij)2〉) ,
= b1δ
(2) +
1
2
b2δ
2 + bK2 (Kij)
2 − σ2
(
b2
2
+
2
3
bK2
)
, (3.12)
δ(3)g = b1δ
(3) + b2δδ
(2) +
1
6
b3δ
3 + 2bK2KijK
(2)
ij + bK3 (Kij)
3
+ bδK2δ (Kij)
2 + btdO
(3)
td ,
(3.13)
where 3
Kij =
[
kikj
k2
− 1
3
δij
]
δ (k) , (3.14)
O
(3)
td =
8
21
(
[k1 · (k2 + k3)]2
k21 |k2 + k3|2
− 1
3
)(
1− 3
2
s2 (k2,k3)
)
δ (k1) δ (k2) δ (k3) (3.15)
and
σ2 ≡
∫
d3q
(2pi)3
P (q) . (3.16)
Under the assumption that the comoving number of sources is conserved, we derive the time
evolution of b1 and b2 [44]
b˙1 = (1− b1) fH , (3.17)
b˙2 =
(
−2b2 − 8
21
+
8
21
b1
)
fH (3.18)
and relate higher order biases to b1 and b2
bK2 = −
2
7
(b1 − 1) , (3.19)
bδK2 =
1
21
(7b1 − 6b2 − 7), (3.20)
bK3 =
22(b1 − 1)
63
, (3.21)
btd =
23
42
(b1 − 1) . (3.22)
We remark therefore that at any order n in perturbation theory we have n independent bias
parameters.
3.3 The theoretical cross-power spectrum dipole
The odd multipoles of the power spectrum (or correlation function) are sourced by relativistic
effects through their different parity along the line of sight with respect to the standard
3We follow the short notation
K2 ≡ (Kij)2 ≡ tr (KK) = KijKji .
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Newtonian terms (see e.g. [18, 19, 35, 40, 45–47]). In particular between the odd mulitpoles,
most of the signal is carried by the dipole, which therefore represents the most promising
candidate for the detection of relativistic effects with upcoming galaxy redshift surveys.
Before we calculate the theoretical power spectrum dipole in section 3.3.3 and following,
we first want to bridge the gap between our theoretical approximations and the power spec-
trum estimator in eq. (2.2). Here we will consider effects due to bin averaging (section 3.3.1)
as well as evolution and wide-angle effects (section 3.3.2).
3.3.1 Expectation value of the dipole estimator
We start by clarifying the Fourier convention adopted in this paper
f(k) =
∫
d3xf(x)e−ik·x, (3.23)
f(x) =
∫
d3k
(2pi)3
f(k)eik·x . (3.24)
The correlation function is related to the power spectrum as
ξXY (s) = 〈∆X(rX)∆Y (rY )〉 =
∫
d3k
(2pi)3
PXY (k)eik·s, (3.25)
where s = rX − rY . Therefore the correlation function ξXY (s) is the Fourier transform of the
matter power spectrum PXY (k). The Fourier wave vector k is the conjugate variable of the
pair separation s from the source Y to the source X.
From eq. (2.2) we can write the dipole estimator as
PXY1 (k) =
3
V
∫
dΩkˆ
4pi
∫
d3rXd
3rY ∆ (rX) ∆ (rY ) kˆ · rˆY eik·(rY −rX)
= −3i
V
∫
d3rXd
3rY ∆ (rX) ∆ (rY ) j1 (ks) rˆY · sˆ , (3.26)
where V is the volume of the survey. Therefore the expectation value of the estimator reads
as
〈PXY1 (k)〉 = −
3i
V
∫
d3rXd
3rY ξ
XY (rY , s, rˆY · sˆ) j1 (ks) rˆY · sˆ
= −3i
V
∫
d3rY d
3s
∑
i
ξXY (rY , s)L` (rˆY · sˆ) j1 (ks) rˆY · sˆ
= −3i
V
8pi2
∫
drY r
2
Y ds s
2dµY
∑
`
ξXY` (rY , s)L` (µY ) j1 (ks)µY
= −2i
V
8pi2
∫
drY r
2
Y ds s
2ξXY1 (rY , s) j1 (ks) , (3.27)
where
ξXY1 (rY , s) =
3
2
∫
dµY ξ
XY (rY , s, µY )L1 (µY ) (3.28)
and µY = rˆY · sˆ = −n · sˆ (where in the flat-sky approximation we will consider n = −rˆY '
−rˆX). Now we need to relate the dipole of the correlation function with respect to the angle
µY with the dipole of the matter power spectrum with respect to the angle µ = −n · k. Any
– 9 –
multipole of the correlation function is related to the same multipole of the power spectrum
as
ξ` (s) = i
`
∫
dk
2pi2
k2P` (k) j` (ks) . (3.29)
Hence, the expectation value of the dipole estimator becomes
〈PXY1 (k)〉 =
8
V
∫
drY r
2
Y ds s
2dq q2P1 (rY , q) j1 (qs) j1 (ks)
=
4pi
V
∫
drY r
2
Y P
XY
1 (rY , k) , (3.30)
where rY determines the redshift at which the matter power spectrum is evaluated.
We note that in the following sections we do not explicitly include the redshift depen-
dence of most quantities for reasons of brevity. All evaluations of the growth rate f(z), the
matter density Ωm(z) and the power spectrum P (k, z) need to be averaged within the redshift
bin as given in eq. (3.30), accounting for their redshift evolution.
3.3.2 Evolution and wide-angle effects
So far we have computed the theoretical power spectrum, and its dipole, in the flat-sky
approximation. However it is well-known that the redshift evolution of galaxy bias and
growth rate within the redshift bins as well as wide-angle effects can be comparable to the
relativistic projection effects (see for instance [46, 47]). In particular, the dipole induced by
wide-angle effects with respect to the end-point line-of-sight definition can be measured in
current surveys [47, 48].
In order to derive the evolution and wide-angle effects, we start considering the full-sky
2-point correlation function induced by density perturbations and redshift-space distortions.
We follow the approach presented and developed in [49, 50] and we compute
〈∆XN (rX) ∆YN (rY )〉 =
=
∫
d3k1
(2pi)3
d3k2
(2pi)3
(
bX1 + fXµ
2
1
) (
bY1 + fY µ
2
2
) 〈δ (k1) δ (k2)〉eik1·rXeik2·rY
=
∫
d3k
(2pi)3
(
bX1 + fXµ
2
) (
bY1 + fY µ
2
)
P (k) eik·rXe−ik·rY
=
∫
d3k
(2pi)3
(
bX1 − fX
∂2
∂ (krX)
2
)(
bY1 − fY
∂2
∂ (krY )
2
)
P (k) eik·rXe−ik·rY
=
∫
dk
2pi2
k2
(
bX1 − fX
∂2
∂ (krX)
2
)(
bY1 − fY
∂2
∂ (krY )
2
)
P (k)
×
∑
`
(2`+ 1)L` (rˆX · rˆY ) j` (krX) j` (krY )
=
∫
dk
2pi2
k2P (k)
(
bX1 −
fX∂
2
∂ (krX)
2
)(
bY1 −
fY ∂
2
∂ (krY )
2
)
j0
(
k
√
r2X + r
2
Y − 2rX · rY
)
, (3.31)
where the suffices X and Y denote that the quantities are evaluated at the positions rX and
rY , respectively. Now, by following the notation of ref. [50] we have
ξ (rX , rY , cos θ) = D (rX)D (rY ) I
n
` (s)
×
∑
`,n
[
Xn` |den×den + Xn` |den×rsd + Xn` |rsd×den + Xn` |rsd×rsd
]
, (3.32)
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where cos θ = rˆX · rˆY , D the growth function and
In` (s) =
∫
k2dk
2pi2
j` (ks)
(ks)n
P (k) (3.33)
and the only non-vanishing coefficients are given by
X00
∣∣
den×den = b
X
1 b
Y
1 , (3.34)
X00
∣∣
rsd×rsd = fXfY
1 + 2 cos2 θ
15
, (3.35)
X02
∣∣
rsd×rsd = −
fXfY
21
(
1 + 11 cos2 θ +
18 cos θ
(
cos2 θ − 1) rXrY
s2
)
, (3.36)
X04
∣∣
rsd×rsd =
fXfY
35s4
(
4
(
3 cos2 θ − 1) (r4X + r4Y )
+ rXrY
(
cos2 θ + 3
) [
3
(
cos2 θ + 3
)
rXrY − 8
(
r2X + r
2
Y
)
cos θ
] )
,
(3.37)
X00
∣∣
den×rsd =
bX1 fY
3
, (3.38)
X02
∣∣
den×rsd = − bX1 fY
(
2
3
− (1− cos2 θ) r2X
s2
)
. (3.39)
In terms of the coordinates for the end-point line-of-sight convention we have to replace
rX =
√
r2Y + s
2 + 2rY sµY and cos θ = µY
s
rX
+
rY
rX
. (3.40)
Now we expand the full-sky correlation function of eq. (3.32) in terms of the small parameter
s/rY . Since in the flat-sky approximation the density perturbation and redshift space distor-
tions do not generate a dipole, we need to consider this expansion at least at linear order in
s/rY . We therefore obtain
ξevo11 (s) = Hs
({
(1 + z)
[
1
3
bY1 f
′ + f
(
1
3
b′X1 +
1
5
f ′
)]
− 1
3
f2(bX1 + b
Y
1 )−
1
5
f3
}
I00 (s)D
2
+
{
4
105
f
(
f(7bX1 + 7b
Y
1 + 6f)− 7b′X1 (1 + z)
)
− 4
105
f ′(1 + z)(7bY1 + 6f)
}
I02 (s)D
2
)
,
(3.41)
ξevo21 (s) = Hs
(
bY1 b
′X
1 (1 + z)− bX1 bY1 f
)
I00 (s)D
2 , (3.42)
ξwa1 (s) = −
4f(7bY1 + 3f)
35
s
rY
I02 (s)D
2 , (3.43)
where a prime denotes the derivative with respect to the redshift and all quantities are evalu-
ated at the position rY . We have separated the contributions in evolution terms, proportional
to Hs, and wide-angle corrections, proportional to s/rY . We have further split in two the
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evolution contributions since the term ‘evo2’ is also generated in real space and therefore will
not have an impact on our comparison with the RayGalGroup simulation 4.
In the same way, density and redshift space distortions also leak into the octupole
ξevo3 (s) = Hs
(
2
5
f2(bX1 + b
Y
1 )−
2
35
f ′(1 + z)(7bY1 + 6f)
− 2
5
b′X1 f(1 + z) +
12f3
35
)
I02 (s)D
2
+Hs
(
32
315
f ′f(1 + z)− 32f
3
315
)
I04 (s)D
2 ,
(3.44)
ξwa3 (s) =
4fs(7bY1 + 3f)
35rY
I02 (s)D
2 +
16f2s
63rY
I04 (s)D
2 . (3.45)
We remark that the wide-angle term in eq. (3.43) agrees with eq. (2.14) and (2.15) of ref. [48]
and eq. (4.14) in ref. [51].
As shown in eq. (3.29), each multipole of the power spectrum is related to the same
multipole of the correlation function through a Hankel transform. This will lead to two-
dimensional integrals of the form
B` = 4pi (−i)
∫
ds s3j1 (ks)
∫
dq
2pi2
q2P (q) j` (qs) with ` = 0, 2. (3.46)
We remark that we have the factor s3 (instead of s2) because the evolution and the wide-
angle effects arise from an expansion of the even multipole with respect to s/rY . The Bessel
functions in eq. (3.46) carry parity and therefore oscillate with opposite phase, which makes
them non-trivial to solve numerically [48, 52, 53]. To avoid this issue and to provide simpler
expressions we show how the integrals in eq. (3.46) can be solved analytically. We start by
performing the following integral∫
ds s3j1(ks)j`(qs) = −
(
∂2
∂k2
+
2
k
∂
∂k
− 2
k2
)∫
ds sj1(ks)j`(qs) ,
= −pi
2
(
∂2
∂k2
+
2
k
∂
∂k
− 2
k2
){ Θ(k−q)
k2
` = 0 ,
k
q3
Θ (q − k) ` = 2 , (3.47)
where Θ denotes the Heaviside distribution and we have used eq. (10.22.63) of [54] together
with the identity (see e.g. [55, 56])(
∂2
∂k2
+
2
k
∂
∂k
− ` (`+ 1)
k2
)
j` (ks) = −s2j` (ks) . (3.48)
Now, by performing the integral over q, we find
B0 = i
dP (k)
dk
, (3.49)
B2 = −3iP (k)
k
− idP (k)
dk
. (3.50)
4Later we will study the individual relativistic effects by subtracting out the real-space contributions.
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With these solutions we can obtain directly the evolution and wide-angle corrections to the
dipole of the power spectrum. For the evolution terms we have
P evo11 (k, z) = F
evo1,0 (z)B0 (k) + F
evo1,2 (z)B2 (k) , (3.51)
P evo21 (k, z) = F
evo2 (z)B0 (k) , (3.52)
where
F evo1,0 (z) = H
(
−1
3
f2(bX1 + b
Y
1 ) + (1 + z)
[
1
3
bY1 f
′ + f
(
1
3
b′X1 +
1
5
f ′
)]
− 1
5
f3
)
D2 , (3.53)
F evo1,2 (z) = H
(
4
105
f
(
f(7bX1 + 7b
Y
1 + 6f)− 7b′X1 (1 + z)
)
− 4
105
f ′(1 + z)(7bY1 + 6f)
)
D2 ,
(3.54)
F evo2 (z) = H
(
bY1 b
′X
1 (1 + z)− bX1 bY1 f
)
D2 . (3.55)
Analogously for the wide-angle terms we have
Pwa1 (k, z) = F
wa (z)B2 (k) , (3.56)
where we have introduced
Fwa (z) = −4f(7b
Y
1 + 3f)
35rY
D2 . (3.57)
These equations are consistent with eq. (3.5) of ref. [48] if the window function is ignored.
Note that our equations are not consistent with eq. (29) of ref. [1], since they use the mid-
point LOS definition in their estimator, while we use the end-point LOS in our FFT-based
estimator discussed in section 2.
3.3.3 Leading order
Working in the weak field approximation shown in eq. (3.4), the leading order contributions
to the cross-power spectrum of two differently biased tracers X and Y are given by 5
P (11)(k, µ, z) =
[
(bX1 + fµ
2)(bY1 + fµ
2) + ∆b1iµ
H
k
3
2
Ωm
+ iµ
H
k
f
{RY (bX1 + fµ2)−RX (bY1 + fµ2)} ]D2P (k)
+O (H2/k2) ,
(3.58)
where ∆b1 = bX1 − bY1 , and we have introduced
R = 1− be − f −H−1∂t ln f − (2− 5sm)
(
1− 1Hr
)
. (3.59)
5We remark that in our Fourier convention a radial derivative transforms as ∂r → iµk . Therefore the
Fourier transform of the linear galaxy number counts is given by
∆ (k) =
[
b1 + µ
2f − iµH
k
(
fR+ 3
2
Ωm
)]
Dδ (k) .
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If the two halo populations have the same evolution and magnification biases (i.e. RX = RY )
eq. (3.58) simplifies to
P (11)(k, µ, z)
(RX=RY )
=
[
(bX1 + fµ
2)(bY1 + fµ
2) + ∆b1iµ
H
k
(
fR+ 3
2
Ωm
)]
D2P (k)
+O (H2/k2) . (3.60)
The relativistic terms contribute to the imaginary part of the cross-power spectrum. The
first term in the imaginary part on the right-hand side of eq. (3.58) represents the Doppler
contribution and the second term represents the leading potential contribution. Note that
the potential term can be absorbed by the Doppler term at this order (assuming the Euler
equation of eq. 3.7), but we write it here explicitly, since we want to model the potential
term in the RayGalGroup simulation without the Doppler term (as necessary for the redshift
definition z1 in eq. 4.2), in which case these terms do not cancel.
From eq. (3.58) we can obtain directly the dipole
P1(k, z) =
3
2
∫
dµµP (11)(k, µ)
= i
H
k
[
f
(
bX1 RY − bY1 RX
)
+ f2
3
5
(RY −RX)+ 3
2
∆b1Ωm
]
D2P (k) . (3.61)
Similarly we can also compute the octupole
P3 (k, z) =
7
2
∫
dµP (11) (k, µ)L3 (µ)
= −2
5
(RX −RY ) f2P (k)
=
[
2
5
(
bXe − bYe
)− 2(1− 1Hr
)(
sXm − sYm
)]
f2D2P (k) . (3.62)
If the two populations X and Y have the same evolution and magnification biases, the dipole
reduces to
P1(k, z)
(RX=RY )
= i∆b1
H
k
(
fR+ 3
2
Ωm
)
D2P (k) , (3.63)
while the octupole vanishes. As we can see, only the relativistic terms source the dipole within
the flat-sky (or distant observer) approximation.
To perform the comparison with the RayGalGroup simulation we also need to compute
the dipole induced by the so-called lightcone (LC) effect (see table 1 in ref. [1]). This effect
is present in the linear galaxy number counts (see eq. 3.4 and its interpretation (5b)). The
Fourier transform of the LC term is given by
− v‖ → iµ
H
k
fDδ , (3.64)
from which we can directly compute its contribution to the dipole of the power spectrum
PLC1 (k, z) = i∆b1
H
k
fD2P (k) , (3.65)
which is consistent with eq. (32) of ref. [1]. As shown in figure 1 this effect is small in the
RayGalGroup simulation and does not significantly impact our analysis.
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Figure 1: Comparison of the dominant contributions to the power spectrum dipole. The
left plot shows the relativistic Doppler term (first two terms in eq. 3.61), the wide-angle term
(eq. 3.56) and the relativistic potential term (including the last term of eq. 3.63 and the
1-loop contributions of eqs. 3.68 and 3.69). Note that the Doppler term excludes lightcone
and evolution bias contributions (which are included in eq. 3.61), since those contributions
are plotted separately in the plot on the right. The relativistic potential term is positive on
large scales and changes sign around k ∼ 0.06hMpc−1. The right plot shows the evolution
bias (eq. 3.51), lightcone effects (eq. 3.65), the Doppler window function contribution (eq. 4.7)
and the evolution bias term (eq. 3.67). We see that wide-angle effects are of the same order
as the relativistic Doppler term. The wide-angle contribution is not proportional to ∆b1
(but only evolves with β = f/b1) and hence the wide-angle term dominates for halo mass
cross-correlations with small ∆b1.
Finally we also want to investigate the impact of the evolution bias, be. Using eq. (3.61)
we can directly determine the impact of the evolution bias, simply by replacing
R → −be . (3.66)
and neglecting the contribution sourced by the gravitational potential (proportional to ΩM ),
yielding
P be1 (k, z) = i
H
k
[
f
(
bY1 b
X
e − bX1 bYe
)
+ f2
3
5
(
bXe − bYe
)]
D2P (k) . (3.67)
All dipole contributions calculated in this section are compared in figure 1.
3.3.4 Next-to-leading order
Beyond the linear dipole, we also consider 1-loop contributions. In section 7 of the accom-
panying paper [20], we have derived the galaxy number counts sourced by the gravitational
redshift as well as the linear and transverse Doppler effects. We named these three con-
tributions ∆1, ∆2 and ∆3, respectively and include details in appendix A. Since the galaxy
number counts do not depend linearly on the redshift perturbation we need to carefully define
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the different contributions. We note in particular that we later evaluate our power spectrum
dipole model by comparing to the differences between dipole measurements using the different
redshift definitions of eqs. (4.2 - 4.4). This leads to non-trivial mixing terms that we need to
account for.
We start with the gravitational redshift. Since the redshift definition z0 in eq. (4.1)
leads to a zero dipole, we can obtain the dipole sourced by the gravitational potential from
∆1 (i.e. the galaxy density derived with the redshift prescription of eq. 4.2). In this case, we
can write the 1-loop contributions to the dipole as
P
(22),φ
1 (k) = iΩm
H
k
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2,∆b12}
∆bJ∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) , (3.68)
P
(13),φ
1 (k) = iΩmP (k)
H
k
{
−
(
∆b1
29
210
+ ∆b12
3
2
)
k2σ2v + ∆b1
∫
d3q
(2pi)3
J∆b113
( q
k
)
P (q)
}
,
(3.69)
where the kernels J22 and J13 are shown in appendix B and ∆b2 = bX2 − bY2 , ∆b12 = bX2 bY1 −
bX1 b
Y
2 . The 1-loop integrals run over all k, including scales beyond the validity of perturbation
theory. For that reason we can not fully trust these terms. In particular, the contribution
P
(13)
1 is more sensitive to the UV contribution of its integrand. Schematically we have
P
(13),φ
1 (k) ∼
∫ k
0
f (k, q  k) d3q +
∫ ∞
k
f (k, q  k) d3q , (3.70)
where the UV contribution is determined by∫ ∞
k
f (k, q  k) d3q =
∫ ∞
k
d3q
P (q)
q2
. (3.71)
We have therefore isolated the contribution induced by the velocity dispersion
σ2v ≡
∫
d3q
(2pi)3
P (q)
q2
=
1
2pi2
∫
dkP (k) . (3.72)
We can now introduce an EFT-inspired parameter σ20 through
σ2v → σ2v + σ20 . (3.73)
We used the RayGalGroup simulation to determine its amplitude, obtaining
σ2v + σ
2
0
σ2v
∼ 3 . (3.74)
Now, for first time, we can derive the contribution of the transverse Doppler effect. Since
this is already a second order effect, its leading contribution will be at 1-loop. Consistent
with the notation of ref. [1] we consider the contribution of the transverse Doppler effect by
subtracting the dipole induced by the redshift perturbation of eq. (4.3) and the one defined
in eq. (4.4). We remark that this is not the same as computing the effect induced by the
transverse Doppler effect on the redshift perturbation only since that would miss some mixing
terms, in particular the terms proportional to f3 in P 13. So we derive the dipole from the
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galaxy number counts ∆3 (see eqs. A.10 - A.12) and ∆2 (see eqs. A.7 - A.9), and then take
the difference, resulting in
P
(22),TD
1 (k) = if
2H
k
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2}
∆bT∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) , (3.75)
P
(13),TD
1 (k) = if
2P (k)
H
k
∆b1
[(
19
21
− 3
10
f
)
k2σ2v −
3k2
10f
v2obs
H2 +
∫
d3q
(2pi)3
T∆b113
( q
k
)
P (q)
]
,
(3.76)
where we have again isolated the terms proportional to the velocity dispersion σ2v and the ker-
nels T22 and T13 are given in appendix B. We will adopt the same EFT parameter introduced
in eq. (3.73). Let us remark that there is a non-vanishing contribution due to the observer
velocity, since the transverse Doppler effect is not linear in the velocity perturbation. Indeed,
the different redshift definitions in eqs. (4.3 - 4.5) depend in principle on the velocity differ-
ence v− vobs. As shown in appendix A this leads to an additional contribution in eq. (3.76)
proportional to v2obs.
In the same way, we could obtain the 1-loop contribution induced by the linear Doppler
term, by taking the difference between the dipole of the galaxy number counts ∆2 (see eqs. A.7
- A.9) and ∆1 (see eqs. A.4 - A.6). However, even at linear order the dipole has large
contribution from the wide-angle effect (see figure 1), suggesting that such effects should be
modelled consistently at 1-loop.
When implementing these equations we assumed a relation between higher-order bias
terms and b1 and b2 (see eq. 3.22) and we relate the second-order bias to the first-order bias
through
b2(b1) = 0.412− 2.143b1 + 0.929b21 + 0.008b31 , (3.77)
which is calibrated to N-body simulations [57]. Moreover, the 1-loop contributions derived in
this section need to be integrated over the full redshift bin as indicated in eq. (3.30).
4 The RayGalGroup Simulation
In this paper we make use of the publicly available RayGalGroup simulation [1] to test the
scales on which the model discussed in the last section is valid. We use the cross-power
spectrum dipole as our primary metric for this comparison. The RayGalGroup simulation is
based on a dark matter only N-body simulation with a box size of 2 625h−1 Mpc and 4 0963
particles. The haloes in this simulation have been detected using pFoF with a linking-length
of b = 0.2 and a minimal mass of 100 particles. From this simulation a 4pi light-cone catalog
is produced including ray tracing and taking into account all relativistic effects (redshift and
angular perturbations) at first order in the weak field approximation: Doppler, gravitational,
transverse Doppler, ISW, and weak lensing. The cosmology of this simulation is h = 0.72,
Ωm = 0.25733, Ωb = 0.043557099, Ωr = 0.000080763524, ns = 0.963, σ8 = 0.80100775 and
w = −1. We use these parameters as our fiducial cosmology when analyzing the simulation.
The redshift range is limited to 0.05 < z < 0.465 leading to an effective redshift of zeff = 0.341.
We split this dataset into 6 sub-samples divided by halo mass (see table 1 for details).
The simulation provides two sets of angular positions, β and θ, where the second accounts
for lensing effects, while the first does not. We also have 5 different redshifts available, which
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Label Nran b1 Halo mass Particles Haloes n be
[h−1M × 1012] [h3Mpc−3]
mb1 5x 1.08 1.88 - 3.76 100 - 200 5 412 928 6.499× 10−4 0.08
mb2 6x 1.22 3.76 - 7.52 200 - 400 3 434 248 4.123× 10−4 0.28
mb3 12x 1.42 7.52 - 15.04 400 - 800 1 901 293 2.283× 10−4 0.49
mb4 24x 1.69 15.04 - 30.08 800 - 1600 957 910 1.150× 10−4 0.74
mb5 50x 2.07 30.08 - 60.16 1600 - 3200 442 193 5.309× 10−5 1.12
mb6 100x 2.59 60.16 - 120.32 3200 - 6400 182 463 2.191× 10−5 1.82
all 5x 1.28 1.88 - 120.32 100 - 6400 12 331 035 1.480× 10−3 0.31
Table 1: Properties of the 6 different mass bins of the RayGalGroup simulation. The effective
redshift is zeff = 0.341 (defined as the volume weighted mean) and the bias parameters are
taken from [1], except for the bias for the entire sample (last row), which we measured in this
paper. The simulation uses a mass per particle of 1.88×1010h−1M and the volume between
zmin = 0.05 and zmax = 0.465 is V = 8.329h−3Gpc3. From the volume we can estimate the
fundamental mode to be kf ≈ 2piV 1/3 = 0.0031hMpc−1. The evolution bias in the last column
is evaluated at zeff . For the modeling we generally integrate over redshift and account for the
redshift evolution of b1 and be as shown in appendix D and section 4.2, respectively.
include different combinations of relativistic distortions 6:
Real-space: z0 =
a0
a
− 1 (4.1)
+ Potential term: z1 =
a0
a
(
1− φs − φ0
c2
)
− 1 (4.2)
+ Peculiar velocity: z2 =
a0
a
(
1− φs − φ0
c2
− v · n
c
)
− 1 (4.3)
+
Transverse
Doppler term: z3 =
a0
a
(
1− φs − φ0
c2
− v · n
c
+
|v · v|
2c2
)
− 1 (4.4)
+ ISW term: z4 =
a0
a
(
1− φs − φ0
c2
− v · n
c
+
|v · v|
2c2
− 2
c2
∫ η0
ηs
φ˙dη
)
− 1 (4.5)
z5 =
(gµνk
µuν)s
(gµνkµuν)0
− 1. (4.6)
The quantities with a subscript ‘s’ and with a subscript ‘0’ are evaluated at the source and
the observer position, respectively. The redshift defined in z5 is based on the full covariant
definition, including all cross-terms between the individual contributions in z1 − z4, which
are ignored by the linear calculation. Therefore comparison of results obtained with z4 and
z5 will allow us to propagate the assumptions which go into these redshift definitions to the
final observables (mainly the power spectrum dipole). These two redshifts agree very well for
all cases discussed in this paper as demonstrated in figure 8 (bottom, right).
6While in eqs. (38 - 43) of ref. [1] the effects on the redshift perturbation are considered individually (and
not summed up as we show in eqs. 4.1 - 4.6), our notation fully agrees with the documentation provided
together with their publicly available halo catalogs.
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Figure 2: Density distribution of haloes in the RayGalGroup simulation (yellow) and the
corresponding random catalog using pure volume scaling (magenta) as well as a random
catalog using shuffled redshifts of the simulation itself (green). The volume scaling works
well for the low mass bin (left), but seems a mismatch in the highest mass bin (right). This
mismatch is causing the excess power on large scales seen in figure 6. When processing these
densities for the evolution bias in section 4.2 we use a polynomial fit shown as the solid black
lines (see also eqs. 4.11 - 4.16).
4.1 Window function
The measured halo power spectrum based on the estimator discussed in section 2 is a con-
volution of the true underlying power spectrum with the survey window function. For that
reason, we need to separately measure the survey window and convolve any power spectrum
model, before comparing it with a measurement.
The window function represents the power spectrum of the random catalog, which should
follow the same distribution as the data catalog, but without any intrinsic clustering. Given
that the RayGalGroup simulation corresponds to a sphere with a pure volume scaling of
the number of galaxies from redshift z = 0.05 up to z = 0.465, the random catalog can,
in principle, be obtained analytically. However, as shown in figure 2, the highest mass bin
of the RayGalGroup simulation does not exactly follow this distribution. The most likely
reason is the evolution of the halo population within the redshift bin. We therefore construct
random catalogs by selecting random positions on the sky and assigning redshifts by randomly
sampling from the corresponding halo catalogs within the mass bins. This is the same method
usually used to generate random catalogs in galaxy redshift surveys (see e.g. ref. [58] for
BOSS). However, we note that this will erase large scale modes along the line-of-sight [59].
For the rest of this paper, we will denote random catalogs generated using this method as
‘shuffled’, while any result using the random catalogs based on volume scaling is labeled
‘volume’. The shuffled method will be our default.
Now we can proceed to measure the window function multipoles as described in appendix
E of ref. [48]. Figure 3 shows the first five window function multipoles for the highest (solid
lines) and lowest (dashed lines) mass bin using the redshift definition z0 (see eq. 3.4). The
differences between solid and dashed lines give an estimate of the impact of the slightly
different survey geometries since the different mass bins have different random catalogs (when
using the shuffle method).
One important point to note is that the main results of this paper will be derived from the
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Figure 3: Window function multipoles for the RayGalGroup simulation. The solid lines show
the window function for the highest mass bin (mb6), while the dashed lines show the window
functions for the lowest mass bin (mb1). The differences between the dashed lines and the
solid lines reflect the different selection functions shown in figure 2, where mb6 includes the
redshift evolution of the high mass halo densities. This variation in the window functions for
the different halo mass bins is ignored in our analysis.
differences between power spectra with different redshift definitions, including the relativistic
(and Newtonian) contribution in turn (see eqs. 4.1 - 4.6). Since the survey geometry is
the same for all redshift definitions, the window function will not impact most differential
measurements. The only exception is the relativistic Doppler term, which does get additional
contributions from the quadrupole and the Kaiser factor contributions to the monopole. These
changes to the even multipoles are sourced by peculiar velocities, just like the relativistic
Doppler term itself. The window function contribution to the power spectrum dipole is given
by
∆Pwin1 (k) = Pˆ
red
1 (k)− Pˆ real1 (k) , (4.7)
where Pˆ red1 and Pˆ real1 are the convolved redshift-space and real-space power spectrum dipoles.
Here we are only interested in the window function contributions of the even multipoles to
the convolved dipole given by 7
Pˆ1(k) = −3i
∫
ds s2j1(ks) ξˆ1(s)− iQ1(k)
∫
ds s2 ξˆ0(s) (4.8)
with
ξˆ0(s) = ξ0(s)Q0(s) +
1
5
ξ2(s)Q2(s) +
1
9
ξ4(s)Q4(s) , (4.9)
ξˆ1(s) = ξ0(s)Q1(s) + ξ2(s)
[
2
5
Q1(s) +
9
35
Q3(s)
]
+
4
21
ξ4(s)Q3(s) , (4.10)
7This corresponds to the case n = 0 in eqs. (3.5) and (3.6) of [11].
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Figure 4: Evolution bias be calculated from the halo density (eqs. 4.11 - 4.16) following
eq. (3.5) as a function of redshift for the six different halo mass bins of the RayGalGroup
simulation (see table 1). The dashed lines correspond to the predictions assuming an universal
mass function (see eq. 4.23).
where Q`(s) are the window function multipoles in configuration-space [13, 60].
We first obtain the window function multipoles in Fourier-space, Q`(k), using the setup
outlined in appendix E of [48] (see figure 3), which we then Fourier-transform using the 1D
Hankel transform defined in eq. (3.29) to obtain Q`(s). For the even mulipoles in eqs. (4.9)
and (4.10) it is sufficient, for this analysis, to assume linear theory. The result is included in
figure 1 as the dashed-dotted line (Doppler window term) on the right-hand plot and in the
Doppler term of figure 8 and 9.
The general effect of the window function is to correlate modes and smooth features
at the scale of the fundamental mode. For the dipole, there are significant contributions
from the even multipoles as shown in figure 1. However, those contributions are a result
of wide-angle effects. Without wide-angle effects, the window function would only correlate
odd multipoles amongst each other and even multipoles amongst each other, which would
significantly reduce the window function contributions to the dipole. Therefore, if these
window function contributions significantly reduce the signal-to-noise of the dipole, one can
always use an estimator which has less significant wide-angle effects (see e.g. eq. 4 of ref. [11])
4.2 Galaxy density evolution bias
Here we discuss the evolution bias, be, due to the changing galaxy tracer density within the
redshift bin as given in eq. (3.5). This is not related to the evolution effects discussed in
section 3.3.2, which are sourced by the evolution of the linear galaxy bias b1, linear growth
rate f and growth function D.
As we can see in figure 2 the density of haloes is roughly constant in redshift for the
lowest mass bin (mb1), while we notice some redshift dependence in the highest mass bin
(mb6). Since the evolution bias quantifies the deviation from a conserved source number
density in a comoving volume, we do expect non-vanishing values of be for the different mass
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bins. Here we will calculate the evolution bias contributions for the different mass bins shown
in table 1.
First we fit the (comoving) source densities n(z) measured from each sample with a
linear polynomial
nmb1 (z) = (6.62388− 0.372935z)× 10−4 , (4.11)
nmb2 (z) = (4.4104− 0.845952z)× 10−4 , (4.12)
nmb3 (z) = (2.5676− 0.837904z)× 10−4 , (4.13)
nmb4 (z) = (1.36626− 0.634672z)× 10−4 , (4.14)
nmb5 (z) = (0.68107− 0.441901z)× 10−4 , (4.15)
nmb6 (z) = (0.31923− 0.295892z)× 10−4 , (4.16)
which are also included in figure 2. Next we compute the evolution bias through eq. (3.5),
obtaining
bmb1e (z) =
18.7615
17.7615− z − 1 , (4.17)
bmb2e (z) =
6.21353
5.21353− z − 1 , (4.18)
bmb3e (z) =
4.06431
3.06431− z − 1 , (4.19)
bmb4e (z) =
3.1527
2.1527− z − 1 , (4.20)
bmb5e (z) =
2.54123
1.54123− z − 1 , (4.21)
bmb6e (z) =
2.07887
1.07887− z − 1 . (4.22)
In figure 4 we show the evolution bias be as a function of redshift for the six different halo mass
bins. We notice that the evolution bias in the lowest mass bin is almost constant. Indeed this
reflects the redshift independence we see in figure 2. The dashed lines in figure 4 correspond
to the prediction of the evolution bias assuming a universal mass function [61]
be = (b1 − 1)fδc , (4.23)
where we used δc ≈ 1.686. The assumption of a universal mass function has significant
limitations, especially for massive haloes, but seems to work well for all mass bins in the
RayGalGroup simulation, with excellent agreement at low halo mass.
With the measurements of be presented in this section we can obtain the evolution bias
contributions to the power spectrum dipole using eq. (3.67). The results are included in
figure 1 (dotted lines in the right-hand plot).
While it is fairly straightforward to calculate the evolution bias for a halo catalog like
the RayGalGroup simulation, it is naturally far more difficult to access such a quantity for
a realistic and incomplete galaxy survey. The number density required for the derivative in
eq. (3.5) is the true underlying density, which cannot easily be inferred from the density of
observed galaxies in existing redshift surveys. However, from our analysis we can conclude
that (1) the evolution bias contributions are sub-dominant for the halo masses investigated
here and (2) using the universal mass function approach does seem promising for low mass
haloes.
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Figure 5: Power spectrum monopole for the different mass bins of the RayGalGroup simula-
tion (solid lines, see table 1). These measurements use the redshift definition z0 (see eq. 4.1),
the shuffled random catalogs and ∆k = 0.0024hMpc−1. The dashed lines represent linear
power spectrum monopole models including the convolution with the survey window function
and the linear halo bias parameters of table 1.
5 Analysis
We will now analyze the different halo mass bins of the RayGalGroup simulation. We start
with the auto-power spectrum to estimate the halo bias for the different samples. We then
move on to the main analysis using the cross-power spectrum dipole.
5.1 Auto-power spectrum measurements
To measure the halo power spectrum we use the FFT-based estimator of [22] together with the
shuffled random catalogs. Our measurements have a Nyquist frequency of kNy = 0.96hMpc−1
and hence we will limit all model comparisons to half that frequency. Given that here we
only intend to measure the linear halo bias, we only focus on very large scales where linear
theory roughly holds.
Figure 5 shows the power spectrum monopole for the different mass bins using the real-
space redshift definition z0 (see eq. 4.1). The difference in amplitude is well described by the
bias parameters given in Table 1, which are taken from the original analysis of [1] (derived
from the correlation function). The model power spectra plotted in this figure are based on a
linear power spectrum extracted from CLASS [62] using the fiducial cosmological parameters
of the simulation as well as a convolution with the survey window function [11, 60, 63].
Figure 6 shows a comparison between the power spectrum monopole using the z0 and
z2 redshift definitions given in eqs. (4.1) and (4.3), for the low mass bin (left) and high mass
bin (right). All other redshift definitions would not show any significant differences since
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Figure 6: Comparison of the power spectrum monopole for the real-space redshift definition
z0 in eq. (4.1) and z2 in eq. (4.3). Note that all other redshift definitions result in almost indis-
tinguishable power spectra since the relativistic effects in the auto-power spectrum monopole
are suppressed by (H/k)2. The yellow dashed line shows the power spectrum using a random
catalog with redshifts sampled according to the cosmic volume (volume), while the solid lines
use random catalogs with redshifts sampled from the data catalog (shuffle). This comparison
uses the lowest mass bin (mb1, left) and the highest mass bin (mb6, right). The lower panel
shows the same measurements normalized to the power spectrum measured using the redshift
definition z0 and the shuffle method for the random catalog. The high mass bin with a volume
scaled random catalog shows excess power on large scales, which is related to the mismatch
shown in figure 2. The higher amplitude for the monopole measured using the redshift defini-
tion z2 compared to z0 is caused by the peculiar velocity term, of which the linear prediction
(Kaiser factor) is included as the dashed blue line in the lower panel.
the relativistic effects are strongly suppressed in the auto-correlation. We also included the
power spectrum measured with a random catalog based on a volume scaling of the number
of galaxies, which has a significant impact on the largest scales (dashed lines). The blue
dashed lines in the lower panels show the linear (Kaiser) prediction, which describes the low-
k measurement of the high mass bin (figure 6, right) rather well. In the low mass bin (figure 6,
left), where redshift-space distortions have a much larger impact (since β ∝ 1/b1), the linear
model seems to fail at all scales, suggesting that non-linear contributions matter even on the
largest scales.
Figure 7 shows the power spectrum monopole and quadrupole of the high and low
mass bins together with a linear Kaiser model. The model describes the multipoles well
up to k ∼ 0.1hMpc−1. We refer to ref. [1] for further tests of these simulations including
a comparison of the auto-correlation functions for different mass bins with the CosmicEmu
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Figure 7: The measured power spectrum monopole (left) and quadrupole (right) for the
highest (mb6) and lowest (mb1) mass bins, including the cross-power spectrum (magenta).
The dashed lines represent a linear model including the convolution with the survey window
function and the bias parameters shown in table 1. These statistics are calculated using the
redshift definition z5 (see eq. 4.6).
emulator [64].
5.2 Cross-power spectrum dipole measurements
Using the estimator discussed in section 2 we now measure the cross-power spectrum dipole
and plot the differences between these measurements in figure 8. These measurements, like
the auto-power spectrum measurements in the previous section, have a Nyquist frequency of
kNy = 0.96hMpc
−1 and we will make use of these measurements up to half that frequency.
We plot the differences between dipole measurements because (1) this isolates the individ-
ual (relativistic) contributions to the power spectrum dipole and (2) this efficiently removes
sample variance and allows us much more precise measurements.
The top left plot of figure 8 shows the difference of the power spectrum dipole using the
redshift definitions z0 and z1 (see eq. 4.1 and 4.2) as well as the unlensed angular position de-
fined by β, which isolates the relativistic contributions from the difference in the gravitational
potential. The measurements are compared with the dipole model (solid lines) we developed
in section 3, specifically the second term in eq. (3.61) as well as eqs. (3.68) and (3.69).
The plot on the top right shows the Doppler term together with the model of eq. (3.61)
(first term on the right-hand side). The significantly increased noise level for this measurement
is caused by the inclusion of velocity fluctuations that do not cancel out in the difference
of dipole measurements with redshift z2 and z1. The plot on the middle left shows the
transverse Doppler term where the solid lines correspond to the 1-loop model of eqs. (3.75)
and (3.76). The ISW term on the middle right seems not to be detectable and we also cannot
find a significant signal for the lensing term on the bottom left. The difference between
(z5, β) − (z4, β) is shown on the bottom right, which represents a measure for the accuracy
of the redshift definitions in z1 to z4 and suggests that we can trust these measurements up
to ∆P & 0.05h−3Mpc3, significantly below the noise level of all terms of interest (note that
this does not test the validity of the weak field approximation).
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Figure 8: Here we are plotting the differences between cross-power spectrum dipole measure-
ments in the RayGalGroup simulation between different redshift definitions (see eqs. 4.1 - 4.6,
dashed lines with markers). The measurement in the simulations is compared to the PT-based
model we discussed in section 3 (solid lines). The colors correspond to different combinations
of the halo mass-selected sub-samples. The plot on the top left shows the potential term,
obtained by taking the differences between the cross-power spectrum dipoles measured using
the redshift and angle definitions (z1, β) and (z0, β), respectively. The plot on the top right
shows the Doppler term, which carries by far the largest signal in these simulations. The
middle left plot shows the transverse Doppler term and the plot on the middle right shows
the ISW contribution. The bottom row shows the lensing term using (z0, θ)− (z0, β) on the
left and the residual obtained through (z5, θ)− (z4, θ) on the right.
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Figure 9: These plots highlight the asymmetries in the estimator used in our analysis and
defined in eq. (2.2) meaning PXY1 vs. P Y X1 . The details are discussed in section 5.3. The
asymmetric terms only show up in z2 and hence the y-axis quantities are combinations of
dipole power spectrum differences e.g. DXY = PXY,(z2,β)1 −PXY,(z1,β)1 . The left plot shows the
sum of these differences using the two possible cross-correlations (see eq. 5.2). This quantity
has twice the relativistic terms, no window function contribution, wide-angle contributions
proportional to the bias differences (bY1 − bX1 ) and contributions from the evolution term.
The plot on the right shows the sum defined in eq. (5.1), which contains only the wide-angle,
evolution and window function contributions, with all relativistic terms canceling out. The
impact of the window function is shown by the difference between the dashed and solid lines.
5.3 Asymmetry of the dipole estimator
Here we note that the estimator as defined in section 2 is not symmetric in all dipole con-
tributions, meaning PXY1 6= P Y X1 . Eq. (3.56) demonstrates this asymmetry for the wide-
angle term, which has PXY1 (k) ∝ bY1 /rY and P Y X1 (k) ∝ bX1 /rX for the two possible cross-
correlations. A similar asymmetry exists in the evolution terms given in eqs. (3.51) and (3.52).
The relativistic terms on the other hand are anti-symmetric, meaning they change signs in
PXY1 and P Y X1 , while the window function contributions and lightcone effects are symmetric.
This opens the interesting option to isolate the individual dipole contributions. The
quantity
DXY +DY X =
(
P
XY,(z2,β)
1 − PXY,(z1,β)1
)
+
(
P
Y X,(z2,β)
1 − P Y X,(z1,β)1
)
(5.1)
only contains the wide-angle, evolution and window function contributions, while all relativis-
tic terms cancel out. On the other hand
DXY −DY X =
(
P
XY,(z2,β)
1 − PXY,(z1,β)1
)
−
(
P
Y X,(z2,β)
1 − P Y X,(z1,β)1
)
(5.2)
has twice the relativistic Doppler and no window function contribution, while the wide-angle
term is proportional to the bias difference (bY1 − bX1 ). Like the wide-angle term, the bias
dependence of the evolution term is non-symmetric with the details shown in eq. (3.53). Both
of these quantities are plotted in figure 9.
6 Discussion
The Doppler term in figure 8 (top right) is measured as the difference between the cross-power
spectrum dipole of (z1,β) and (z2,β), where the redshift definitions are given in eqs. (4.2) and
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(4.3) and β describes the angular distribution excluding any lensing effects. The Doppler
term has contributions from the evolution bias, wide-angle effects, lightcone effects, window
function effects, and the relativistic Doppler term. As shown in figure 1 the window function
is the dominant contribution in our case, but depends on the survey geometry and might look
very different for realistic galaxy surveys with a changing number density. The wide-angle
term dominates over the relativistic Doppler term for samples with smaller ∆b1, highlighting
the importance of this correction. The evolution bias and lightcone effects are usually sub-
dominant. Our model for the Doppler term is limited to linear theory for all 4 contributions
but is consistent with the measurements in the RayGalGroup simulation.
The potential term in figure 8 (top left) is measured as the difference between the cross-
power spectrum dipole of (z0,β) and (z1,β). On the largest scales, this signal is almost one
order of magnitude smaller than the Doppler term, while it becomes comparable on small
scales (k & 0.1hMpc−1). For the potential terms, we include 1-loop corrections and our
model is consistent with the measurement up to the largest scales included in this comparison
(kmax = 0.48hMpc−1) without any notable deviations for any of the mass bins. Linear theory
(dashed lines), is only valid on the largest scales, clearly demonstrating the necessity for 1-loop
corrections when modeling this term.
The transverse Doppler term in figure 8 (middle left) is measured as the difference
between the cross-power spectrum dipole of (z2,β) and (z3,β). This signal is almost another
magnitude smaller than the potential term. The leading contribution for this term comes
from 1-loop, but our model does show some differences compared to the measurements in
the RayGalGroup simulation. The exact source of this deviation is unclear but it leads
us to conclude that our modeling of the power spectrum dipole is limited to signals with
∆P1 & 1h−3Mpc3.
The ISW and lensing terms in figure 8 (middle right and bottom left), are more com-
plicated to model since they have contributions to the even multipoles even within the weak
field approximation. This means that in Fourier-space we would expect additional window
function contributions from the even multipoles (just as we saw for the Doppler term). A self-
consistent model for these signals would, therefore, require detailed modeling of all multipoles,
not just the dipole. We do not implement such an analysis framework since our measurements
do not indicate any detection of the ISW or lensing effect. Galaxy surveys at higher redshift
might have significantly enhanced ISW and lensing signals, which might make it necessary to
include models for these signals to be able to fully exploit a dipole measurement.
Finally we note that because of the small value of Ωm in the RayGalGroup simulation,
the relativistic Doppler and potential terms are generally expected to be larger in the real
Universe. Planck measured Ωm = 0.3158 [65], which is ∼ 20% larger compared to the
RayGalGroup simulation with Ωm = 0.25733.
6.1 Comparison to Breton et al. [1]
Here we will compare our findings with ref. [1], which studied the same simulation in configuration-
space using linear perturbation theory to model the dipole.
For the potential term, ref. [1] found that linear theory works on large scales, but fails
below 30 − 60h−1Mpc. We find a very similar result, showing that the linear model is only
consistent with the simulation on the largest scales (k > 0.01hMpc−1). However, when
including 1-loop corrections, we find excellent agreement with the power spectrum dipole
measured in the simulation up to the maximum scale of our analysis (kmax = 0.48hMpc−1).
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This success relies on one additional (EFT motivated) nuisance parameter, σ20, which we
constrain with the simulation itself as shown in eqs. (3.73) and (3.74).
Another finding of ref. [1] was that the residual term reaches a similar size as the potential
term on small scales, suggesting that cross-terms and non-linearities of the mapping are
important. In our case, the residual term is an order of magnitude below the potential term
even on the largest scales. The most likely explanation is that at kmax = 0.48hMpc−1 we are
not probing the small scales s . 5h−1 Mpc at which ref. [1] made this observation.
7 Forecasts
From figure 8 we can see that for a survey with the characteristics of the RayGalGroup
simulation we should expect the Doppler term to dominate on large scales, while on small
scales (k & 0.1hMpc−1) the potential term can become comparable. The details, however,
do depend on the redshift and densities of the galaxy samples and their ∆b1. In particular,
the relative signal strength shown in figure 8 does not apply to high redshift samples like the
extended Baryon Oscillation Spectroscopic Sample (eBOSS, [66]) since for such samples the
peculiar velocities will be smaller, reducing the signal in the Doppler term, while the larger
distances will increase the integrated signals like lensing.
Here we want to focus on the future Dark Energy Spectroscopic Instrument (DESI, [6])
dataset and in particular, the DESI-BGS sample, which will cover the low redshift (z < 0.5)
Universe over 14 000 deg2. We will first discuss the analytic dipole covariance matrix, before
discussing the DESI forecasts in detail.
7.1 Analytic covariance of the dipole
To simplify the analysis we derive the covariance matrix in the flat-sky approximation, which
neglects wide-angle effects. Here we are interested in the detectability of relativistic effects
in upcoming surveys, while additional signals such as wide-angle effects can be included in
the model or avoided by using more advanced power spectrum estimators. In the flat-sky
approximation we can define the dipole estimator as
PXY1 (k) =
3
2V
∫
dΩkˆ
2pi
L1 (µ) ∆X (k) ∆Y (−k) , (7.1)
where V is the survey volume. We can, therefore, compute the covariance of the dipole
estimator through〈
PXY1 (k)
(
PXY1 (q)
)∗〉
c
=
9
4V 2
∫
dΩkˆ
2pi
dΩqˆ
2pi
µkµq〈∆X (k) ∆Y (−k) ∆X (−q) ∆Y (q)〉
=
9
4
(2pi)6
V 2
δ
(3)
D (0)
δD (k − q)
k2
×
∫
dΩkˆ
(2pi)2
µ2
[
PXX (k)P Y Y (−k)− PXY (k)P Y X (−k)]
=
9
4
(2pi)6
V 2
δ
(3)
D (0)
2pi
δD (k − q)
k2
∑
`1`2
[
PXX`1 (k)P
Y Y
`2 (k)
− PXY`1 (k)P Y X`2 (k)
] ∫
dµµ2L`1 (µ)L`2 (−µ) .
(7.2)
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The integral over the Legendre polynomials is non-zero only for `2 = {`1 − 2, `1, `1 + 2}.
Hence, odd and even multipoles of the power spectrum are not combined in the variance. Since
relativistic effects do not source even multipoles of the power spectrum (within the weak-field
approximation), we do expect that the signal-to-noise of the dipole is not suppressed by the
large sample variance of the standard Newtonian terms of the even multipoles. At tree-level,
we can show the contributions of the even multipoles in eq. (7.2). Beyond linear order we
have a power spectrum of the form
PXY (k) =
(
bX +
[
T
(3)
21 f + T
(2)
21 fbX +
(
T21fb
2
X + T22f
2bX
)]
µ2
+
[
T
(2)
42 f
2 + T42f
2bX
]
µ4 + T63f
3µ6
)
×
(
bY +
[
T
(3)
21 f + T
(2)
21 fbY +
(
T21fb
2
Y + T22f
2bY
)]
µ2
+
[
T
(2)
42 f
2 + T42f
2bY
]
µ4 + T63f
3µ6
)
P (k) ,
(7.3)
where T (i)jk are arbitrary
8 coefficients. Given this general form of the power spectrum we can
show ∑
`1`2 even
[
PXX`1 (k)P
Y Y
`2 (k)− PXY`1 (k)P Y X`2 (k)
] ∫
dµµ2L`1 (µ)L`2 (−µ) = 0 . (7.4)
This leads to〈
PXY1 (k)
(
PXY1 (q)
)∗〉
c
= − 9
4
(2pi)6
V 2
δ
(3)
D (0)
2pi
δD (k − q)
k2
×
∑
`1`2 odd
[
PXX`1 (k)P
Y Y
`2 (k)− PXY`1 (k)P Y X`2 (k)
]
×
∫
dµµ2L`1 (µ)L`2 (µ)
= − δ
(3)
D (0)
2pi
(2pi)6
V 2
δD (k − q)
k2
(
9
10
[
PXY1 (k)
]2
+
18
35
PXY1 (k)P
XY
3 (k)
+
23
70
[
PXY3 (k)
]2
+
20
77
PXY3 (k)P
XY
5 (k) +
59
286
[
PXY5 (k)
]2)
,
(7.5)
where we have considered that the relativistic effects at one loop will source only P1 (k), P3 (k)
and P5 (k). The expression for all odd multipoles induced by relativistic effects are derived
in appendix C.
So far we did not include the shot-noise contribution to the covariance. Assuming a
standard Poisson noise, without any correlation between the different galaxy populations, we
simply need to replace the monopole as follows
PXX0 (k)→ PXX0 (k) +
1
n¯X
and P Y Y0 (k)→ P Y Y0 (k) +
1
n¯Y
, (7.6)
8They can be computed from eq. (3.10). However their amplitude is irrelevant in order to show that the
even multipoles of the power spectrum do not contribute to the covariance of the dipole.
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z n¯ b1
[1/sq.deg./dz]
0.05 1114.3 1.0
0.15 3694.1 1.1
0.25 4166.4 1.2
0.35 2865.6 1.5
0.45 1031.3 2.0
0.55 136.1 2.5
Table 2: The density and linear bias distribution of the DESI-BGS sample taken from ref. [6]
and used for our Fisher matrix forecasts.
where n¯X and n¯Y are the densities of population X and Y , respectively. Therefore, shot-noise
leads to the following contributions to the covariance
3
2
(2pi)6
V 2
δ
(3)
D (0)
2pi
δD(k − q)
k2
[
1
n¯X
P Y Y0 (k) +
1
n¯Y
PXX0 (k) +
1
n¯X n¯Y
+
2
5
(
1
n¯X
P Y Y2 (k) +
1
n¯Y
PXX2 (k)
)]
.
(7.7)
For a finite volume we can approximate the 3-dimensional Delta-Dirac distribution as δ(3)D (0) '
V/ (2pi)3. Hence, the covariance can be written as〈
PXY1 (k)
(
PXY1 (q)
)∗〉
c
=
(2pi)2
V
δD (k − q)
k2
(
− 9
10
[
PXY1 (k)
]2 − 18
35
PXY1 (k)P
XY
3 (k)
−23
70
[
PXY3 (k)
]2 − 20
77
PXY3 (k)P
XY
5 (k)−
59
286
[
PXY5 (k)
]2
+
3
2n¯X
P Y Y0 (k) +
3
2n¯Y
PXX0 (k) +
3
2n¯X n¯Y
+
3
5n¯X
P Y Y2 (k) +
3
5n¯Y
PXX2 (k)
)
≡ (2pi)
2
V
δD (k − q)
k2
σ2P1 (k) .
(7.8)
The covariance matrix derived here does not include window function effects, which as we
discussed above can contribute to the dipole power spectrum and increase the variance. How-
ever, deconvolution of the power spectrum as well as estimators with reduced wide-angle
effects can reduce such contributions [67].
7.2 Forecast for DESI
Using the analytic covariance matrix developed in the last section we now employ it to inves-
tigate the possibility for a detection of relativistic effects with the future DESI experiment.
Here we focus on the DESI-BGS sample, which provides the most promising avenue for such
a detection. The density and bias distributions for the DESI-BGS sample are given in table 2.
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Using these density and bias distributions we can calculate the cumulative signal-to-noise
ratio for the relativistic dipole as(
S
N
)2
=
1
4pi2
zbins∑
i
V (zi)
∫ kmax
kmin
dk k2
∣∣PXY1 (k, zi)∣∣2
σ2P1 (k, zi)
. (7.9)
We start with a conservative reference model using the following assumptions:
1. We can select two sub-samples from the BGS sample with ∆b1 = 1 over the entire BGS
redshift range.
2. The two sub-samples have 1/10 of the density of the nominal BGS sample.
3. The BGS sample will cover 14 000 deg2 of the sky.
4. The k-integration of eq. (7.9) uses kmin = 0.001hMpc−1.
5. Zero evolution and magnification bias (be = 0, sm = 0).
6. The second order bias parameter is given by the linear bias through eq. (3.77).
7. The EFT parameter σ20 is set according to eq. (3.74), which provided the best description
of the measurements in the RayGalGroup simulation.
8. We use the covariance matrix developed in section 7.1 which does not account for
window function contributions and neglects 1-loop corrections, while our dipole model
does include such corrections
9. We assume the redshift bins of ∆z = 0.05 in eq. (7.9) to be independent.
These assumptions lead to the signal-to-noise ratio as a function of kmax shown in figure 10
(left) where the dashed yellow line shows the signal-to-noise using a pure linear power spec-
trum dipole model, while the yellow solid line uses the 1-loop model discussed in section 3.
This model also contributes to the noise through the covariance calculation of eq. (7.8). Com-
paring the dashed yellow and solid yellow lines shows that ignoring 1-loop corrections can lead
to incorrect forecasts even at k = 0.1hMpc−1. This is consistent with our findings in sec-
tion 5 and figure 8 where linear theory fails to describe the gravitational redshift on scales
k & 0.1hMpc−1. Figure 10 shows that the signal-to-noise ratio is flattening when approach-
ing k ' 0.1hMpc−1 before increasing again on smaller scales. This is caused by the zero
crossing of the gravitational redshift signal driven by the 1-loop corrections.
At kmax = 0.1hMpc−1 our reference setup based on the assumptions listed above leads
to a signal-to-noise of 4.4σ, which increases to 6.3σ when pushing to kmax = 0.2hMpc−1.
The distribution of the signal-to-noise ratio as a function of redshift is shown on the right
hand side of figure 10 using ∆z = 0.05 and kmax = 0.1hMpc−1. We can see that most of the
signal is located in the first few redshift bins.
Now we will discuss several variations of the reference model discussed above. First
we vary the density of the sample. Assuming we can divide the BGS sample into two sub-
samples with 1/5 of the nominal BGS density, the signal-to-noise increases to 5.9σ at kmax =
0.1hMpc−1 (solid red line in figure 10). If rather than increasing the density we could get a
larger dipole signal by increasing the bias difference to ∆b1 = 2, the signal-to-noise increases
to 7σ at kmax = 0.1hMpc−1 (solid green line in figure 10) and 10.1σ at kmax = 0.2hMpc−1.
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Figure 10: The cumulative signal-to-noise for the cross-correlation of two DESI-BGS sub-
samples. The solid yellow line shows the reference model with a density 1/10 of the nominal
BGS density and ∆b1 = 1 (see other assumptions listed in section 7.2). The plots also include
a case with only linear contributions to the signal and variance (dashed yellow line), a case
with 2 times higher density for both sub-samples (solid red line), a case with ∆b1 = 2 (solid
green line), a case where the EFT parameter is set to σ20 = 0 (solid magenta line) and a case
where the BGS sample only covers 9000 deg2 (solid brown line). Left: The cumulative signal-
to-noise as a function of kmax. Right: The same signal-to-noise calculation as a function of
redshift, assuming kmax = 0.1hMpc−1.
The EFT parameter σ20 contributes to the signal-to-noise at high k. Setting it to σ20 = 0
rather than the default σ20 given by eq. (3.74), increases the signal-to-noise from 4.4σ to 5.8σ
at kmax = 0.1hMpc−1. For higher k, a larger EFT parameter leads to a larger signal-to-noise
as shown by the solid magenta line in figure 10. We note, however, that our forecasts include
the even multipole contributions to the covariance only at linear order, therefore we might
underestimate the covariance at small scales when linear even multipoles do not agree with
simulations (see figure 7).
While we consider our reference forecasts outlined in the 9 points above as conservative,
we also want to investigate two cases, which we consider our worst-case scenarios. First, we
consider a smaller sky coverage of the BGS sample. The sky coverage of the BGS depends
on the redshift efficiency of the DESI instrument during gray time 9, which is still uncertain.
Reducing the nominal BGS sky coverage from 14 000 deg2 to 9000 deg2 leads to a reduction of
the signal-to-noise from 4.4σ to 3.5σ (solid brown line in figure 10). A second case considers
the largest scales included in the analysis. The Doppler signal is located on very small k
with a peak around k = 0.01hMpc−1. The default kmin = 0.001hMpc−1 might be difficult
to achieve due to the small volume of the sample. However, using kmin = 0.01hMpc−1
instead only reduces the signal-to-noise from 4.4σ to 4.2σ, since sample variance limits the
large scale contributions to the total signal-to-noise. The fact that our analysis does not
rely on extremely large scales, does make it less sensitive to observational systematics. It
also implies that assumption 9 listed above (independent redshift bins) should have a small
impact. Indeed, repeating the analysis with ∆z = 0.1 only reduces the signal-to-noise from
4.4σ to 4.2σ 10.
9The BGS sample will take the twilight observing timeslots.
10Here we expect the redshift correlation as well as the signal evolution within the redshift bin to contribute
to the reduction of the signal-to-noise.
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We also note that our assumption of two sub-samples with constant ∆b1 over the entire
redshift range is unrealistic since BGS is magnitude limited, which means the high redshift
end will only contain bright, highly biased galaxies. However, as shown in the left plot of
figure 10, most of the signal-to-noise is located at low redshift, where a separation into two
samples with significantly different bias should be possible.
We also investigated the cross-correlations between the other DESI samples (LRGs,
ELGs, and QSOs), but found that the lower expected density of these samples significantly
reduces the signal-to-noise. The cross-correlation of the ELG and LRG samples only yields a
1.7σ detection at kmax = 0.2hMpc−1. Similarly, cross-correlation of the BGS and ELG sam-
ple can yield a signal-to-noise of 1.6σ. We therefore conclude that sub-samples of BGS provide
the most promising case for a first detection of the relativistic signal in galaxy clustering.
8 Conclusion
In this paper, we measure the auto and cross-power spectrum multipoles for different halo
mass bins in the RayGalGroup simulation. We probe haloes from 1.88× 1012M (lower limit
of mb1) to 1.20 × 1014M (upper limit of mb6) at an effective redshift of zeff = 0.341. We
model relativistic corrections as well as wide-angle, evolution, window and lightcone effects.
Our model includes all relativistic corrections up to third-order including third-order bias
expansion. We consider all terms which depend linearly on H/k (weak field approximation).
While we restrict all terms proportional to v‖ (Doppler term) to linear theory, we include 1-
loop corrections to the matter power spectrum for the potential term and transverse Doppler
effect [19, 20]. Our main results are:
(1) We, for the first time, compare perturbation theory-based models with ray-tracing based
simulations in Fourier-space using the power spectrum multipoles. The Fourier-basis
is the natural choice for such a comparison, since the dominant signal peaks on large
scales, where modes in Fourier-space are uncorrelated.
(2) When using the end-point line-of-sight definition, as required by many FFT-based es-
timators, the wide-angle effects in the power spectrum dipole are of the same order as
the relativistic Doppler term and hence need to be included in the modeling.
(3) We show that the standard cross-power spectrum estimator is asymmetric in the wide-
angle and evolution terms, which allows us to isolate their contributions to the power
spectrum dipole.
(4) We, for the first time, compare the measurements of the transverse Doppler effect with
a 1-loop model. While our model does predict the right order of magnitude of the effect,
it fails to capture its scale dependence accurately.
(5) We demonstrate that PT-based models including 1-loop corrections can model the po-
tential term (gravitational redshift) up to the largest scales included in our comparison
(k = 0.48hMpc−1) without indication of a breakdown of the model for any of the
halo mass combinations. Our model includes one additional EFT-inspired free fitting
parameter given in eq. (3.74).
(6) We estimate the evolution bias contributions for the different halo mass bins in the
RayGalGroup simulation and their contributions to the power spectrum dipole. Similar
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estimates with real galaxy survey datasets are difficult since usually, these datasets are
not complete in halo mass. However, we found these contributions to be sub-dominant
for all halo mass bins investigated in our analysis.
(7) We forecast that the DESI-BGS sample will be able to detect relativistic effects in the
galaxy power spectrum dipole with 4.4σ significance if we can get two sub-samples with
∆b1 = 1 and 1/10 of the density of the nominal BGS sample, which we consider a
conservative choice. This detection significance can reduce to 3.5σ if DESI-BGS will
only cover 9000 deg2 rather than the nominal 14 000 deg2. Conversely it can increase to
10σ for a more optimistic case where we can achieve twice as high a signal with ∆b1 = 2
and can leverage the dipole measurement up to kmax = 0.2hMpc−1.
In this paper, we demonstrated that we can model the relativistic and non-relativistic contri-
butions to the power spectrum dipole up to very small scales (k = 0.48hMpc−1). In general,
we do not need to know how to model the even multipoles when extracting the relativistic
signal, except for the couplings of the multipoles due to the window function. This, how-
ever, does not impose significant limitations, since (1) enough of the signal is located on large
scales k < 0.1hMpc−1, where we have good models for the even multipoles and (2) one can in
principle apply deconvolution to remove the window function contributions to the dipole [67].
Most relativistic effects vanish in the auto-correlation analysis. However, future galaxy
survey experiments will rely much more on cross-correlations, in which case relativistic effects
can matter. Most relativistic effects are still limited to the odd multipoles, but due to the
coupling with the window function, it might become essential to model relativistic effects ac-
curately even when extracting signals from the even multipoles. This is of particular relevance
for signals located on large scales like primordial non-Gaussianity.
Our forecasts predict that relativistic effects should be detectable with the next genera-
tion of galaxy redshift surveys. Detecting these effects in the galaxy distribution allows new
tests of gravity [68] on the largest scales, providing an interesting additional science case for
galaxy survey experiments.
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A Number counts
Here we summarize the galaxy number counts induced by the different contributions to the
redshift perturbation up to third order in perturbation theory. These are derived in detail in
ref. [20]. We consider the following redshift perturbations
δz1 = − (1 + z) Ψ , (A.1)
δz2 = − (1 + z)
(
Ψ + v‖
)
, (A.2)
δz3 = − (1 + z)
(
Ψ + v‖ −
v2
2
)
. (A.3)
The related number counts read as follow. Considering only the gravitational redshift
∆
(1)
1 (n, z) = δg +H−1∂rΨ , (A.4)
∆
(2)
1 (n, z) = ∆
(1→2)
1 +H−1∂r (δgΨ) , (A.5)
∆
(3)
1 (n, z) = ∆
(2→3)
1 . (A.6)
Including the linear Doppler term in eq. (A.2) we get
∆
(1)
2 (n, z) = δg +H−1∂rv‖ +H−1∂rΨ−H−1v˙‖ + v‖R˜ , (A.7)
∆
(2)
2 (n, z) = ∆
(1→2)
2 +H−1∂r
(
δg
(
Ψ + v‖
))− ∂t (δgv‖)+ δgv‖R˜
+H−1v‖∂rv‖
(
R˜ − 1
)
,
(A.8)
∆
(3)
2 (n, z) = ∆
(2→3)
2 +H−1δgv‖∂rv‖
(
R˜ − 1
)
+H−2∂r
(
v‖Ψ∂rδg
)−H−2∂r (v‖δ˙g) v‖
−H−2∂rδgv˙‖v‖ +
H−1
2
v2‖∂rδg
(
be + 3R˜ − 2Hr
)
,
(A.9)
and finally including also the transverse Doppler effect of eq. (A.3) we get
∆
(1)
3 (n, z) = ∆
(1)
2 , (A.10)
∆
(2)
3 (n, z) = ∆
(2)
2 −H−1v · ∂rv , (A.11)
∆
(3)
3 (n, z) = ∆
(3)
2 −H−1 [v · ∂rv](3) −
H−1
2
∂r
(
δgv
2
)
, (A.12)
where v2 = |v · v| and
R˜ = −1− be + H˙H2 +
2
Hr . (A.13)
To compare our theoretical model for the transverse Doppler effect at 1-loop with the Ray-
GalGroup simulations, we also need to consider the impact of the peculiar velocity of the
observer, which for this catalog is set to vobs = 0.00224794 (with the c = 1). From eqs. (A.10
- A.12) we have
∆3 ' ∆(1)3 + ∆(2)3 + ∆(3)3 = ∆2 −
H−1
2
∂rv
2 − H
−1
2
∂r
(
δgv
2
)
. (A.14)
We can account for the observer peculiar velocity vobs by replacing
v2 → v2 + v2obs − 2v · vobs , (A.15)
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obtaining
∆3 = ∆2 − H
−1
2
∂rv
2 +H−1vobs · ∂rv − H
−1
2
∂r
(
δgv
2
)
− H
−1
2
v2obs∂rδg +H−1vobs · ∂r (δgv) .
(A.16)
To compute the dipole of the power spectrum, we need to consider the following additional
2-point correlations induced by a non-vanishing observer velocity
H−1vobs · 〈∆Newt2 ∂rv〉 , (A.17)
H−1vobs · 〈∆Newt2 ∂r (δgv)〉 , (A.18)
H−1v2obs〈∆Newt2 ∂rδg〉 . (A.19)
The first two correlations have to vanish by isotropy since the 2-point function cannot point
in a given direction. The contribution to the dipole induced by the third term is
PTD1 (k) ⊃ −
3i
10
∆b1
k
Hfv
2
obs . (A.20)
B Kernels
In this section, we summarize the kernels needed to express the 1-loop dipole shown in sec-
tion 3.3.4. To keep the notation simple we introduce the following variables: r = q/k and
x = kˆ · qˆ.
B.1 Gravitational potential
J∆b122 (r, x) =
1
196r2 (r2 − 2rx+ 1)2
{
8r4
(
10x2 − 17)+ 8r3x (41− 20x2)
+ r2
(
420x4 − 536x2 + 39)+ 42rx (5− 8x2)+ 63x2 + 28} , (B.1)
J∆b222 (r, x) =
r
(
9− 30x2)+ 21x
28r (r2 − 2rx+ 1) , (B.2)
J∆b1222 (r, x) =
3
4
(
1
r2 − 2rx+ 1 +
1
r2
)
, (B.3)
J∆b113 (r) =
−15(r2 − 1)3(8r2 + 1) log
( |r−1|
r+1
)
− 240r7 + 610r5 − 448r3 + 30r
1680r5
. (B.4)
B.2 Transverse Doppler
T∆b122 (r, x) = −
(r − x) (r (8r2 − 16rx+ 42x2 − 13)− 21x)
42r2 (r2 − 2rx+ 1)2
− f 3(r − x)
(
r
(
2x2 − 1)− x)
10r2 (r2 − 2rx+ 1)2 ,
(B.5)
T∆b222 (r, x) =
r − x
2r3 − 4r2x+ 2r , (B.6)
T∆b113 (r) =
2r
(
r2 − 3) (3r2 + 1)− 3 (r2 − 1)3 log ( r+1|1−r|)
56r5
. (B.7)
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C Odd power spectrum multipoles
To compute the covariance of the dipole induced by relativistic effects we need to derive
all the non-vanishing odd multipoles at 1-loop in perturbation theory. Differently from the
kernels derived in appendix B, here we do not separate the terms induced by different physical
origins. We only split the contributions proportional to the gravitational potentials from the
ones induced by peculiar velocities, similarly to the approach adopted in ref. [19]. We remark
that we have also assumed the Euler equation.
C.1 Dipole (` = 1)
P
(13),φ
1 (k) = iΩmP (k)
H
k
{
−
(
3∆b12
2
+
1
350
∆b1f(15f − 133) + 9∆b12f
10
)
k2σ2v
+ ∆b1
∫
d3q
(2pi)3
J1,∆b113
( q
k
)
P (q)
}
,
(C.1)
P
(22),φ
1 (k) = iΩm
H
k
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2,∆b12}
∆bJ1,∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) , (C.2)
P
(13),v
1 (k) = i
H
k
f∆b1P (k)

 2
15
f2
(
1− 3(H+ H˙R)H2R
)
+
9f
(
2H2R− 4H− 3H˙R
)
25H2R
− 31(2H+ H˙R)
105H2R
)
k2σ2v +
∫
d3q
(2pi)3
I1,∆b113
( q
k
)
P (q)
}
,
(C.3)
P
(22),v
1 (k) = i
H
k
f
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2,∆b12}
∆bI1,∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) , (C.4)
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with
J1,∆b113 (r) = −
f
(
15
(
r2 − 1)3 (r2 + 8) log ( r+1|r−1|)− 30r7 − 160r5 + 574r3 + 240r)
2800r5
,
(C.5)
I1,∆b113 (r) =
1
8400H2r5R
{
5(2H+ H˙R)
(
30
(
2r2 + 1
) (
r2 − 1)3 log((r + 1)|r − 1|
)
+ 4r
(−30r6 + 65r4 − 26r2 + 15))
− 6f
(
15
(
r2 − 1)3 (r2 + 2) log( r + 1|r − 1|
)
− 30r7 + 20r5 + 94r3 + 60r
)
×
(
2H2R− 4H− 3H˙R
)}
,
(C.6)
J1,∆b122 (r, x) = −
9f2
(
r2
(
12x4 − 2x2 − 5)+ 2rx (6− 11x2)+ 8x2 − 3)
140r2 (r2 − 2rx+ 1)2
+
f
140r2 (r2 − 2rx+ 1)2
(−32r4 (2x2 + 1)+ 32r3x (4x2 + 5)
+ r2
(
37− 4x2 (57x2 + 46))+ 6rx (64x2 − 19)− 135x2 + 48)
−
(
2r2 − 4rx+ 3x2 − 1) (r (2rx2 + r − 3x)+ 1)
7r2 (r2 − 2rx+ 1)2 ,
(C.7)
J1,∆b222 (r, x) =
3f
(
4r
(
2rx2 + r − 3x)+ 3)
20r2 (r2 − 2rx+ 1) , (C.8)
J1,∆b1222 (r, x) =
(
3r
(
2rx2 + r − 3x)+ 3)
4r2 (r2 − 2rx+ 1) , (C.9)
I1,∆b122 (r, x) =
f2
35H2r2R (r2 − 2rx+ 1)2
(H2R (r2 (6− 5 (2x4 + x2))+ rx (25x2 − 7)− 10x2 + 1)
+ 3H (r2 (4x4 + 2x2 − 1)− 10rx3 + 4x2 + 1)
+ 3H˙R (r2 (4x4 + 2x2 − 1)− 10rx3 + 4x2 + 1))
−
f
(
2rx2 + r − 3x) (r (8r2 − 16rx+ 42x2 − 13)− 21x) (2H2R− 4H− 3H˙R)
210H2r2R (r2 − 2rx+ 1)2
+
(
r
(
3− 10x2)+ 7x) (r (−16r2 + 32rx− 42x2 + 5)+ 21x) (2H+ H˙R)
294H2r2R (r2 − 2rx+ 1)2 ,
(C.10)
I1,∆b222 (r, x) =
f
(
2rx2 + r − 3x) (2H2R− 4H− 3H˙R)
10H2rR (r2 − 2rx+ 1) −
(
6rx2 + r − 7x) (2H+ H˙R)
14H2rR (r2 − 2rx+ 1) ,
(C.11)
I1,∆b1222 (r, x) = −
(
r
(
2x2 − 1)− x) (2H+ H˙R)
2H2rR (r2 − 2rx+ 1) . (C.12)
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C.2 Octupole (` = 3)
P
(13),φ
3 (k) = iΩmP (k)
H
k
{
−
(
1
525
∆b1f(140f + 507) +
3∆b2f
5
)
k2σ2v
+ ∆b1
∫
d3q
(2pi)3
J3,∆b113
( q
k
)
P (q)
}
,
(C.13)
P
(22),φ
3 (k) = iΩm
H
k
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2}
∆bJ3,∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) , (C.14)
P
(13),v
3 (k) = i
H
k
f∆b1
−
2f2
(
H2R+ 2H+ 2H˙R
)
15H2R +
46f
(
3R
(
H2 + H˙
)
+ 4H
)
525H2R
 k2σ2v
+
∫
d3q
(2pi)3
I3,∆b113
( q
k
)
P (q)
}
,
(C.15)
P
(22),v
3 (k) = i
H
k
f
∫
d3q
(2pi)3
 ∑
∆b={∆b1,∆b2}
∆bI3,∆b22
( q
k
, kˆ · qˆ
)P (q)P (|k− q|) , (C.16)
with
J3,∆b113 (r) = −
f
(
15
(
r2 − 1)3 (7r2 − 4) log ( r+1|r−1|)− 2r (105r6 − 340r4 + 391r2 + 60))
1400r5
,(C.17)
I3,∆b113 (r) =
f
(
15
(
r2 − 1)3 (3r2 + 1) log ( r+1|r−1|)− 90r7 + 210r5 − 118r3 + 30r)
2800H2r5R
×
(
3R
(
H2 + H˙
)
+ 4H
)
, (C.18)
J3,∆b122 (r, x) =
f2
(
r2
(−138x4 + 123x2 − 5)+ rx (153x2 − 113)− 42x2 + 22)
60r2 (r2 − 2rx+ 1)2
+
(
r2 − 2rx+ 1)−2
70r2
f
(
r4
(
16− 48x2)+ 96r3x3
+r2
(−216x4 + 122x2 − 31)+ 18rx (11x2 − 6)− 45x2 + 16) , (C.19)
J3,∆b222 (r, x) =
3f
(
r2
(
6x2 − 2)− 4rx+ 1)
10r2 (r2 − 2rx+ 1) , (C.20)
I3,∆b122 (r, x) =
f
(
r
(
3x2 − 1)− 2x) (r (8r2 − 16rx+ 42x2 − 13)− 21x) (3R(H2 + H˙)+ 4H)
210H2r2R (r2 − 2rx+ 1)2
+
f2
(
r2 − 2rx+ 1)−2
90H2r2R
(
3H2R (r (r (10x4 − 15x2 + 7)− 5x3 + x)+ 2)
+2H (r2 (46x4 − 27x2 + 1)+ 5rx (5− 13x2)+ 21x2 − 1)
+2H˙R (r2 (46x4 − 27x2 + 1)+ 5rx (5− 13x2)+ 21x2 − 1)) , (C.21)
I3,∆b222 (r, x) = −
f
(
r
(
3x2 − 1)− 2x) (3R(H2 + H˙)+ 4H2)
10H2rR (r2 − 2rx+ 1) . (C.22)
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C.3 Triakontadipole (` = 5)
P
(13),φ
5 (k) = −iΩmP (k)
H
k
4
21
f2∆b1k
2σ2v , (C.23)
P
(22),φ
5 (k) = iΩm
H
k
∆b1
∫
d3q
(2pi)3
J5,∆b122
( q
k
, kˆ · qˆ
)
P (q)P (|k− q|) , (C.24)
P
(13),v
5 (k) = 0 , (C.25)
P
(22),v
5 (k) = i
H
k
f∆b1
∫
d3q
(2pi)3
I5,∆b122
( q
k
, kˆ · qˆ
)
P (q)P (|k− q|) , (C.26)
with
J5,∆b122 (r, x) =
f2
(
r2
(−30x4 + 33x2 − 5)+ rx (27x2 − 23)− 6x2 + 4)
21r2 (r2 − 2rx+ 1)2 , (C.27)
I5,∆b122 (r, x) =
2f2
(
r2
(
10x4 − 9x2 + 1)+ rx (7− 11x2)+ 3x2 − 1) (3H2R+ 2H+ 2H˙R)
63H2r2R (r2 − 2rx+ 1)2 .
(C.28)
D Redshift integrals
From fig. A.1 of ref. [1] we can extrapolate the following redshift dependence of the halo bias
for the different mass bins in the RayGalGroup simulation:
bmb11 (z) = 0.910495 + 0.305421z + 0.538537z
2 , (D.1)
bmb21 (z) = 0.982831 + 0.736614z − 0.0573006z2 , (D.2)
bmb31 (z) = 1.1708 + 0.344533z + 1.14409z
2 , (D.3)
bmb41 (z) = 1.36054 + 0.727176z + 0.666657z
2 , (D.4)
bmb51 (z) = 1.61733 + 0.736704z + 1.61102z
2 , (D.5)
bmb61 (z) = 1.99799 + 1.58423z + 0.463353z
2 . (D.6)
When we calculate the model we use this redshift evolution within the redshift bin to redshift
average the model following eq. (3.30).
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